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We revisit a theory of heat transport in the light of a gauge theory of gravity and find the
proper heat current with a corresponding gauge field, which yields the natural definitions of the
heat magnetization and the Kubo-formula contribution to the thermal conductivity as torsional
responses. We also develop a general framework for calculating gravitational responses by com-
bining the Keldysh and Cartan formalisms. By using this framework, we explicitly calculate
these two quantities and reproduce the Wiedemann-Franz law for the thermal Hall conductivity
in the clean and non-interacting case. Finally, we discuss an effective action for the quantized
thermal Hall effect in (2 + 1)-D topological superconductors.
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1. Introduction
Gravity sometimes appears in condensed-matter physics. Fifty years ago, Luttinger introduced a
gravitational potential to calculate heat transport coefficients [1]. Recently, it was shown that the
spin current can be generated by mechanical rotation [2, 3, 4]. Viscosity is a response to torsion,
which is neglected in general relativity [5, 6, 7]. Now gravity is not only a research interest in
the fields of high-energy physics and cosmology but is a powerful tool to describe many kinds of
external fields in condensed-matter physics. A unified description from the viewpoint of gravity
brings about a deeper understanding of such gravitational responses.
Among these gravitational responses, heat transport is one of the most important phenomena.
Traditionally, charge and heat transport phenomena have been investigated within the semiclassi-
cal Boltzmann theory [8]. One exception is the anomalous Hall effect in ferromagnetic metals [9].
Since it is a complicated phenomenon involving the intrinsic mechanism due to the multiband Berry-
phase effect and extrinsic mechanisms due to disorder, a systematic perturbation theory with respect
to disorder strength, e.g., the Keldysh formalism, is necessary [10, 11, 12, 13]. Experimentally, the
anomalous thermal Hall effect (THE) is useful for investigating effects of inelastic scattering on
the anomalous Hall effect at finite temperature [14, 15, 16]. The THE was also used to detect the
magnon Hall effect in ferromagnetic insulators [17, 18]. To understand these phenomena, a system-
atic quantum-mechanical formula for the thermal Hall conductivity (THC) is highly desired. One
important point is that the Kubo formula alone is not sufficient and should be augmented with the
heat magnetization (HM) to avoid the unphysical divergence at zero temperature [19, 20, 21]. These
previous theories are unsatisfactory because the scaling relations on the charge and heat currents are
assumed without any microscopic explanations and, furthermore, it remains unclear how to apply
them to disordered or interacting systems.
The HM also appears in the context of topological superconductors (TSCs) [22, 23]. Electro-
magnetic responses are not effective because the U(1) gauge symmetry is broken. Instead, the
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THC is known to be quantized in (2 + 1)-D TSCs [24, 25, 26]. In (3 + 1)-D TSCs, it was the-
oretically proposed that the HM is induced by a temperature gradient and the heat polarization
by an angular velocity of rotation [25]. A possible question is what actions describe these topo-
logical phenomena. Note that the spin-connection analogs of the Chern-Simons term and axion
electrodynamics [24, 27, 28] cannot do because these actions do not vanish at zero temperature.
Our main purposes are twofold. One is to revisit the basics of heat transport from the gauge-
theoretical viewpoint. Compared to charge transport where the U(1) gauge symmetry plays an
important role, heat transport has been less discussed regarding a symmetry and its gauge field.
As a result, the definition of the heat current has been controversial: the product of the Hamiltonian
and the velocity or that of the time derivative and the velocity. Here we propose that the latter has a
corresponding gauge field and is the proper definition. We also find that a torsional magnetic field
induced by this gauge field is conjugate to the HM. In other words, the HM can be obtained by using
a perturbation theory with respect to a torsional magnetic field. We emphasize that this torsional
magnetic field is totally different from a gravito-magnetic field or an angular velocity discussed
previously [21, 28, 25].
The other is to establish a unified framework for calculating gravitational responses. The gauge-
covariant Keldysh formalism is one of the most sophisticated perturbation theories with respect
to electromagnetic fields [29, 30, 31] and can be applied to insulators or metals with disorder or
interactions at finite temperature. By combining it with a gauge theory of gravity, the so-called
Cartan formalism, we develop the Keldysh+Cartan formalism especially to calculate the HM and
THC. Although we can apply this formalism to disordered or interacting systems, here we focus on
the clean and non-interacting limit to reproduce the Wiedemann-Franz law.
This paper is organized as follows. In Sect. 2, we explain Luttinger’s idea and revisit it from the
gauge-theoretical viewpoint. Based on this discussion, in Sect. 3, the HM and the thermal conductiv-
ity are defined as torsional responses, which is the first part of our results. In Sects. 4 and 5, we show
the second part of our results, i.e., the Keldysh+Cartan formalism and the first-order perturbation
theory with respect to torsion. We explicitly calculate the HM and the Kubo-formula contribution
to the THC in Sects. 6 and 7, respectively. As a corollary, we discuss an effective action for the
quantized THE in (2 + 1)-D TSCs in Sect. 8. Section 9 is devoted to the summary.
Let us summarize our notations. We assign the Latin (a, b, . . . = 0ˆ, 1ˆ, . . . , dˆ) and Greek (µ, ν, . . . =
0, 1, . . . , d) alphabets to locally flat coordinates and global coordinates, respectively. We follow
the Einstein convention, which implies summation over the spacetime dimension D = d+ 1 when
an index appears twice in a single term. The Minkowski metric in a flat spacetime is taken as
ηab = diag(−1,+1, . . . ,+1). The Planck constant and the electric charge are written as ~ and
q, respectively. We use c = kB = 1. Upper or lower signs in equations correspond to bosons or
fermions.
2. Heat transport and gravity
First, we intuitively review Luttinger’s idea that relates a gravitational potential to non-uniform
temperature [1]. We begin with an unperturbed system with a non-uniform chemical potential µ(~x)
and temperature T (~x) = β−1(~x). The partition function in the local equilibrium is given by
Z = tr exp
[
−
∫
ddxβ(~x)(H(~x)− µ(~x)N(~x))
]
. (1)
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The chemical potential and temperature are statistical forces and hence cannot be treated as
perturbations. Instead, we introduce mechanical forces φ(~x) and γ(~x) by
µ(~x) =γ−1(~x)(µ0 − qφ(~x)), (2a)
β(~x) =β0γ(~x), (2b)
Hφ,γ(~x) =γ(~x)H(~x) + qφ(~x)N(~x). (2c)
Now the system is equivalent to the perturbed system in the uniform chemical potential µ0 and
temperature T0 = β−10 , whose partition function is given by
Z = tr exp
[
−
∫
ddxβ0(H
φ,γ(~x)− µ0N(~x))
]
. (3)
As a scalar potential φ(~x) is a mechanical force equivalent to the non-uniform chemical potential,
a gravitational potential γ(~x), or φg(~x) = γ(~x)− 1, is equivalent to the non-uniform temperature.
However, it is still unclear why γ(~x) is called a gravitational potential.
To answer this question, we revisit the fundamentals of heat transport, as well as charge trans-
port, in terms of symmetries and gauge fields. The Noether theorem tells us that a global continuous
symmetry gives rise to a conservation law [32]. The U(1) gauge symmetry leads to the charge con-
servation law. We can explicitly construct the charge current conserved when the on-shell condition
is satisfied. Then, according to the gauge principle, we require the local gauge symmetry. Although
a matter field alone does not possess it, the total system consisting of a matter field and a vector
potential does. This vector potential Ai, which is introduced by replacing the partial derivative ∂µ
with the covariant one ∂µ − iqAµ/~, is coupled to the charge current.
Such a discussion holds for heat transport. The time translation symmetry gives rise to the
energy conservation law. Similarly, the space translation symmetry, which is usually absent in
condensed-matter physics, leads to the momentum conservation law. If we require the local space-
time translation symmetry, a corresponding gauge field is naturally introduced. Since local spacetime
translations are general coordinate transformations xµ → x′µ, the partial derivative transforms as a
covariant vector, and the covariant derivative should be given by h µa ∂µ. This gauge field haµ, called
a vielbein, is coupled to the energy-momentum tensor. In particular, h0ˆ
0
is coupled to the Hamilto-
nian density and hence is a gravitational potential that Luttinger introduced [1], while h0ˆ
i
is coupled
to the energy current defined by the product of the time derivative and the velocity. Note that the
other energy current defined by the product of the Hamiltonian density and the velocity is obtained
by imposing the on-shell condition but has no corresponding gauge field.
Now we can relate a theory of heat transport to gravity. The local spacetime translation symmetry
is required by the general covariance principle, and a vielbein can be found in a gauge theory of
gravity, i.e., the Cartan formalism [32]. This formalism consists of two gauge fields; a vielbein haµ
and a spin connection ωabµ = −ωbaµ. The latter is associated with the local Lorentz symmetry and
hence appears together with the generator of Lorentz transformations Sab = −Sba. In these gauge
fields, we have to replace the partial derivative ∂a with the covariant one,
Da ≡ h
µ
a (∂µ − iqAµ/~− iω
ab
µSab/2~). (4)
More concretely, let us concentrate on a Dirac fermion. The Dirac Lagrangian density in a curved
spacetime is given by
hL = hψ¯(~γaDa −m)ψ, (5)
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in which h = dethaµ is the determinant of a vielbein, ψ¯ ≡ i−1ψ†γ0ˆ is the Dirac conjugate, and the
γ matrices satisfy the Clifford algebra {γa, γb} = 2ηab. First, we put haµ = diag(γ,+1, . . . ,+1) to
obtain
hL = ψ†[i~∂0 − γ(−i~~α · ~∇+mβ)]ψ. (6)
Here ~α and β are the Dirac matrices, and ~∇ is not the covariant derivative in general relativity but
the nabla in vector analysis. Thus h0ˆ
0
= γ is a gravitational potential coupled to the Hamiltonian
density. On the other hand, let us introduce an off-diagonal component h0ˆ
i
= Agi. Since the inverse
has h 0ıˆ = −Agıˆ, Eq. (5) becomes
hL = ψ†[i~∂0 − (−i~~α · ~∇+mβ)− i~~α · ~Ag∂0]ψ. (7)
As expected, h0ˆ
i
= Agi is a “vector potential” coupled to the energy current defined by the product
of the time derivative and the velocity ~α.
3. Heat transport and torsion
Next, we define the thermal conductivity and the HM based on the above discussion. Since a viel-
bein and a spin connection are gauge fields, they induce field strengths called torsion and Riemann
tensors:
T aµν =∂µh
a
ν + ω
a
bµh
b
ν − (µ↔ ν), (8a)
Rabµν =∂µω
a
bν + ω
a
cµω
c
bν − (µ↔ ν). (8b)
If we choose ωabµ = 0, a torsional electric field T 0ˆj0 is the mechanical force equivalent to a tem-
perature gradient, while a torsional magnetic field is the field strength coupled to the HM. Thus the
Kubo-formula contribution to the thermal conductivity and the HM are naturally defined by
T0κ˜
ıˆˆ ≡
∂J ıˆQ
∂(−T 0ˆ
ˆ0ˆ
)
, (9a)
β0MQkˆ ≡−
1
2
ǫıˆˆkˆ
∂Ω
∂(−β−10 T
0ˆ
ıˆˆ
)
, (9b)
where J ıˆQ is the heat current defined by the product of the time derivative and the velocity as
discussed above, and Ω ≡ E − T0S − µ0N is the free energy. This is the first part of our results
and is justified below by explicitly deriving the Wiedemann-Franz law for the THC in the clean and
non-interacting case.
Those in the fields of high-energy physics or cosmology may not be familiar with picking up a
particular spacetime by hand. In general relativity, we impose the torsion-free condition to determine
the spin connection uniquely. In this case, a temperature gradient is equivalent to the torsion-free
spin connection ωıˆ0ˆ0 = ∂ıˆγ. However, as the electric conductivity is a current response to an electric
field, the thermal conductivity should be that to a field strength but not a gauge field. Moreover, in
condensed-matter physics where the Lorentz symmetry is usually absent, we cannot rely on a spin
connection. Therefore a torsional electric field is the best choice for a mechanical force equivalent
to a temperature gradient.
Once a torsional electric field is fixed, it is not important to choose h0ˆ
0
or h0ˆ
i
. Indeed, these two
are connected by local time translations x′0 = x0 + ξ0(x). Remember that a vielbein is a covariant
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vector and transforms as h′aµ = haν∂xν/∂x′µ. Even if we start from one spacetime with h0ˆ0 =
γ(~x), we can move to another spacetime with
h′0ˆ
0
= (1 + ∂0ξ
0)−1γ, (10a)
h′0ˆ
i
= −(1 + ∂0ξ
0)−1∂iξ
0γ. (10b)
In particular, we can choose h′0ˆ
0
= 1 and h′0ˆ
i
= −x0∂iγ. Of course, both spacetimes give the same
torsional electric field T 0ˆ
j0
= ∂jγ.
On the other hand, we emphasize that a torsional magnetic field is essentially different from an
angular velocity of rotation. The former is induced by a vielbein h0ˆ
i
= Agi, leading to the non-trivial
metric,
ds2 = −(dt+ ~Ag · d~x)
2 + d~x2, (11)
while the latter is represented by
ds2 = −dt2 + (d~x+ ~φrdt)
2, (12)
with ~φr = ~Ω× ~x. Here ~Ω is an angular velocity. This metric is represented by a vielbein hıˆ0 = φıˆr.
These two vielbeins cannot be connected by local time translations but by local Lorentz transforma-
tions. Nonetheless, these two metrics coincide in the gravito-electromagnetism, namely, when the
second-order perturbations to the Minkowski metric are neglected. It is a natural question whether
these second-order perturbations are important even if linear responses are concerned. From the
gauge-theoretical viewpoint, a vielbein is primary, and a metric is secondary. Since the latter is given
by the square of the former, i.e., gµν = ηabhaµhbν , we cannot drop these second-order perturbations
in the metric formalism. In other words, the gravito-electromagnetism is not even an approximation
for either Eq. (11) or Eq. (12). This point was not correctly understood in the previous works [28, 25].
Now an important problem is the experimental feasibility of a torsional magnetic field in
condensed-matter physics. In the context of high-energy physics and cosmology, this is closely
related to the fundamental problem of ‘which action describes the correct gravity?’. Remember that
we use an electromagnet to generate a magnetic field in condensed-matter physics. This is based
on the Ampe`re-Maxwell law, and, more fundamentally, on the Maxwell action in addition to the
coupling between the charge current and a vector potential. If there is the torsional analog of the
Maxwell action, a torsional magnetic field is more or less feasible. However, we cannot answer this
problem because we only use torsion as external fields.
4. Keldysh formalism in a curved spacetime
In this section, we present a general framework for calculating gravitational responses based on the
Keldysh formalism. We begin with the Keldysh formalism in a flat spacetime [33, 34] to construct
that in a curved spacetime. The Dyson equation in a flat spacetime is well known,
L(x1)Gˆ(x1, x2)− Σˆ ∗ Gˆ(x1, x2) = Gˆ(x1, x2)L(x2)− Gˆ ∗ Σˆ(x1, x2) = δ(x1 − x2), (13)
where L is the Lagrangian density, and ∗ is convolution. The Keldysh Green function Gˆ and the
self-energy Σˆ contain three independent real-time Green functions and self-energies, respectively.
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We write them in the matrix form,
Gˆ =
[
GR 2G<
0 GA
]
, Σˆ =
[
ΣR 2Σ<
0 ΣA
]
, (14)
where R, A, and < indicate the retarded, advanced, and lesser components defined by
GR(x1, x2) ≡− iθ(t1 − t2)
〈
[ψ(x1), ψ
†(x2)]∓
〉
, (15a)
GA(x1, x2) ≡+ iθ(t2 − t1)
〈
[ψ(x1), ψ
†(x2)]∓
〉
, (15b)
G<(x1, x2) ≡∓ i
〈
ψ†(x2)ψ(x1)
〉
. (15c)
The lesser Green function acts as the density matrix and is useful for calculating thermal expectation
values.
There are two effects of gravity. One is to replace the volume element dDx with the covariant one
dDxh(x). Therefore the Dyson equation (13) is modified by
L(x1)Gˆ(x1, x2)− Σˆ ∗
h Gˆ(x1, x2) = Gˆ(x1, x2)L(x2)− Gˆ ∗
h Σˆ(x1, x2) = δ
h(x1, x2), (16)
where convolution and the δ-function in a curved spacetime are defined by [35, 36]
Aˆ ∗h Bˆ(x1, x2) ≡
∫
dDx3h(x3)Aˆ(x1, x3)Bˆ(x3, x2), (17a)
δh(x1, x2) ≡h
−1/2(x1)δ(x1 − x2)h
−1/2(x2). (17b)
However, by introducing a tensor density,
Aˆ(x1, x2) ≡ h
1/2(x1)Aˆ(x1, x2)h
1/2(x2), (18)
the Dyson equation can be written in the same form as that in a flat spacetime symbolically,
L(x1)Gˆ(x1, x2)− Σˆ ∗ Gˆ(x1, x2) = Gˆ(x1, x2)L(x2)− Gˆ ∗ Σˆ(x1, x2) = δ(x1 − x2). (19)
In a flat spacetime, just symbolically, we can use the Wigner representation [33, 34]. This is a
kind of Fourier transformation and makes it easy to deal with convolution. We introduce the center-
of-mass coordinate X ≡ (x1 + x2)/2 and the relative coordinate x ≡ x1 − x2 and then perform the
Fourier transformation on the latter:
Aˆ(X, p) ≡
∫
dDxe−ipax
a/~Aˆ(X + x/2,X − x/2). (20)
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The Wigner representation of convolution is given by the non-commutative Moyal product,
Aˆ ∗ Bˆ(X, p) =
∫
dDx
∫
dDye−ipax
a/~Aˆ(X + x/2, y)Bˆ(y,X − x/2)
=
∫
dDx
∫
dDy
∫
dDq
(2π~)D
∫
dDr
(2π~)D
e−ipax
a/~eiqa(X−y+x/2)
a/~eira(−X+y+x/2)
a/~
× Aˆ(X/2 + y/2 + x/4, q)Bˆ(X/2 + y/2− x/4, r)
=
∫
dDx1
∫
dDx2
∫
dDp1
(2π~)D
∫
dDp2
(2π~)D
× e−i(p1ax
a
2
−p2axa1)/~Aˆ(X + x1/2, p + p1)Bˆ(X + x2/2, p + p2)
=
∫
dDx1
∫
dDx2
∫
dDp1
(2π~)D
∫
dDp2
(2π~)D
× [e−ip1a(x
a
2
+i~∂pa)/~ex
a
1
∂Xa/2Aˆ(X, p)][eip2a(x
a
1
−i~∂pa )/~ex
a
2
∂Xa/2Bˆ(X, p)]
=Aˆ(X, p)ei~F0/2Bˆ(X, p). (21)
We employ the inverse Fourier transformation in the second line and change variables x1 = −X +
y + x/2, x2 = −X + y − x/2, p1 = q − p, and p2 = r − p in the third line. The Poisson bracket in
this phase space is defined by
F0 = ∂Xa ⊗ ∂pa − ∂pa ⊗ ∂Xa , (22)
where a partial derivative on the left of ⊗ acts on the Wigner representation on the left-hand side,
and vice versa. We can expand the Moyal product with respect to ~ as ∗ = ei~F0/2 = 1 + i~F0/2 +
· · · , while we can construct the Moyal product from the Poisson bracket by using the deformation
quantization [37]. The commutation relation, which is assumed in the canonical quantization, can
be derived by acting the Moyal product on Xa and pb. In the Wigner representation, the Dyson
equation (19) becomes
(L − Σˆ) ∗ Gˆ(X, p) = Gˆ ∗ (L − Σˆ)(X, p) = 1. (23)
Here we take into account the generator of Lorentz transformation Sab, which satisfies the
Poincare´ algebra, i.e., the commutation relations regarding pa and Sab. For those with a condensed-
matter background, it might be better to call Sab spin. To do that, we assume the extended Poisson
bracket:
P0 ≡ (∂Xc ⊗ ∂pc − ∂pc ⊗ ∂Xc) + paηbe(∂pe ⊗ ∂Sab − ∂Sab ⊗ ∂pe) + ηacSbd∂Sab ⊗ ∂Scd . (24)
The second and third terms describe the Poincare´ algebra. Such an extension was already done
in the context of the twisted spin [31]. Although the corresponding Moyal product ∗ may not be
represented by such a simple form as ei~P0/2, it is expanded with respect to ~ as ∗ = 1 + i~P0/2 +
· · · . By using the Moyal product, if obtained, the Dyson equation (23) is also extended to
(L − Σˆ) ∗ Gˆ(X, p, S) = Gˆ ∗ (L − Σˆ)(X, p, S) = 1. (25)
The other effect of gravity is to replace the partial derivative ∂a with the covariant one in
Eq. (4) [32]. This is realized by replacing the momentum pa with the mechanical momentum
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corresponding to the covariant derivative:
πa(X, p, S) = h
µ
a (X)(pµ − qAµ(X)− ω
ab
µ(X)Sab/2). (26)
Therefore the Dyson equation in gauge fields is represented by
(L − Σˆ) ∗ Gˆ(X,π(X, p, S), S) = Gˆ ∗ (L − Σˆ)(X,π(X, p, S), S) = 1. (27)
However, since πa(X, p, S) is a complicated function of (X, p, S), it is convenient to change vari-
ables from (X, p, S) to (X,π, S). This is a natural extension of the so-called Peierls substitution in
the presence of a vector potential [29, 30, 31]. Correspondingly, owing to the chain rule for partial
derivatives, we obtain
∂Xc →h
µ
c ∂Xµ − h
µ
c h
ν
d (q∂XµAν + ∂Xµh
a
νπa + ∂Xµω
ab
νSab/2)∂πd , (28a)
∂πc →∂πc , (28b)
∂Sab →∂Sab − ω
ab
µh
µ
c ∂πc , (28c)
and then
∂Xc ⊗ ∂pc − ∂pc ⊗ ∂Xc →h
µ
a (∂Xµ ⊗ ∂πa − ∂πa ⊗ ∂Xµ)
+ h µc h
ν
d (qFµν + t
a
µνπa + r
ab
µνSab/2)∂πc ⊗ ∂πd, (29a)
πaηbe(∂πe ⊗ ∂Sab − ∂Sab ⊗ ∂πe)→πaηbe(∂πe ⊗ ∂Sab − ∂Sab ⊗ ∂πe)
+ h µc h
ν
d (ω
ab
µhbν − ω
ab
νhbµ)πa∂πc ⊗ ∂πd , (29b)
ηadSbc∂Sab ⊗ ∂Scd →ηadSbc∂Sab ⊗ ∂Scd + ηadSbcω
cd
e(∂πe ⊗ ∂Sab − ∂Sab ⊗ ∂πe)
+ h µc h
ν
d (ω
a
eµω
eb
ν − ω
a
eνω
eb
µ)Sab∂πc ⊗ ∂πd/2. (29c)
As a result, the Poisson bracket, Eq. (24), is perturbed as
P =h µa (∂Xµ ⊗ ∂πa − ∂πa ⊗ ∂Xµ) + (πaηbe + ηadSbcω
cd
e)(∂πe ⊗ ∂Sab − ∂Sab ⊗ ∂πe)
+ ηadSbc∂Sab ⊗ ∂Scd + (qT
a
cd + T
a
cdπa +R
ab
cdSab/2)∂πc ⊗ ∂πd . (30)
The fourth term describes the emergent commutation relation between the mechanical momenta
in the presence of gauge fields. The corresponding Moyal product ⋆, which now we call the star
product, is expanded with respect to ~ as ⋆ = 1 + i~P/2 + · · · . It is an important future problem
to construct this star product from the Poisson bracket by using the deformation quantization [37],
which helps us go beyond the first-order perturbation theory with respect to field strengths. Note that
the star product was already constructed in the presence of electromagnetic fields alone [30, 31]. By
using the star product, the Dyson equation (27) attains the following simple form:
(L − Σˆ) ⋆ Gˆ(X,π, S) = Gˆ ⋆ (L − Σˆ)(X,π, S) = 1. (31)
The set of Eqs. (30) and (31) is the second part of our results. It is a natural extension of a general
framework for calculating electromagnetic responses previously established [29, 30, 31] and enables
us to calculate gravitational responses, as shown below.
5. Perturbation theory with respect to torsion
Let us derive the first-order perturbation theory with respect to the static and uniform torsion. We
drop the X-dependence in the Green function and the self-energy and impose the S-dependence on
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the band indexes. We expand the star product, the Green function, and the self-energy as
⋆ =1 + i~T acdπa∂πc ⊗ ∂πd/2 + · · · , (32a)
Gˆ =Gˆ0 + ~T
a
cdGˆT acd/2 + · · · , (32b)
Σˆ =Σˆ0 + ~T
a
cdΣˆT acd/2 + · · · . (32c)
The Green function and the self-energy with the subscript 0 indicate those in equilibrium, and the
Green function with the capital letter G indicates that disorder and/or interactions are taken into
account. Note that Eq. (32a) is not semiclassical but exact and fully quantum-mechanical up to the
first order with respect to the static and uniform torsion. According to the deformation quantization,
the exact form of the star product is defined by the infinite-order expansion with respect to ~ and
may be represented by a couple of exponentials of the Poisson bracket [30, 31]. In general, even if
we restrict ourselves to the first order with respect to torsion, infinite terms containing the spacetime
derivatives of torsion arise from a combination of the first and fourth terms in Eq. (30). However, if
torsion is static and uniform, we do not suffer from this infinite-order problem with respect to ~.
Below we calculate the first-order Green function with respect to torsion, i.e., GˆT acd . This is totally
in parallel with the previous calculation for that with respect to electromagnetic fields [29] because
the only difference is that torsion is coupled to πa while electromagnetic fields are coupled to q as
seen in Eq. (30). By substituting Eq. (32) into the Dyson equation (31), we obtain Gˆ0 = (L − Σˆ0)−1
and
GˆT acd = Gˆ0ΣˆT acdGˆ0 − πa(Gˆ0∂πcGˆ
−1
0 Gˆ0∂πdGˆ
−1
0 Gˆ0 − (c↔ d))/2i. (33)
In order to decompose this Keldysh Green function into three real-time Green functions, we use
(Aˆ1 . . . Aˆn)
R =AR1 . . . A
R
n , (34a)
(Aˆ1 . . . Aˆn)
A =AA1 . . . A
A
n , (34b)
(Aˆ1 . . . Aˆn)
< =
n∑
i=1
AR1 . . . A
R
i−1A
<
i A
A
i+1 . . . A
A
n . (34c)
Furthermore, to calculate the lesser Green function, we use the equilibrium condition G<0 =
±(GR0 −G
A
0 )f(−π0ˆ) and introduce
G<T acd =G
<(0)
T acd
f(−π0ˆ) +G
<(1)
T acd
f ′(−π0ˆ), (35a)
Σ<T acd =Σ
<(0)
T acd
f(−π0ˆ) + Σ
<(1)
T acd
f ′(−π0ˆ). (35b)
Here f(ǫ) = (eβ0ǫ ∓ 1)−1 is the Bose or Fermi distribution function. As a result, we obtain
G
<(0)
T acd
=± (GRT acd −G
A
T acd
) +GR0 [G
<(0)
T acd
∓ (GRT acd −G
A
T acd
)]GA0 , (36a)
G
<(1)
T acd
=GR0 Σ
<(1)
T acd
GA0
∓ πa[(G
R
0 ∂πcG
R−1
0 (G
R
0 −G
A
0 )− (G
R
0 −G
A
0 )∂πcG
A−1
0 G
A
0 )δ
d
0ˆ
− (c↔ d)]/2i, (36b)
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and
GRT acd =G
R
0 Σ
R
T acd
GR0 − πa(G
R
0 ∂πcG
R−1
0 G
R
0 ∂πdG
R−1
0 G
R
0 − (c↔ d))/2i, (37a)
G
<(0)
T acd
=± (GRT acd −G
A
T acd
), (37b)
Σ
<(0)
T acd
=± (ΣRT acd − Σ
A
T acd
), (37c)
G
<(1)
T a
ˆ0ˆ
=GR0 Σ
<(1)
T a
ˆ0ˆ
GA0 ∓ πa[G
R
0 ∂πˆG
R−1
0 (G
R
0 −G
A
0 )− (G
R
0 −G
A
0 )∂πˆG
A−1
0 G
A
0 ]/2i. (37d)
The self-energies ΣRT acd , Σ
A
T acd
, and Σ<(1)T a
ˆ0ˆ
are determined self-consistently, respectively, and
G
<(1)
T aıˆˆ
= Σ
<(1)
T aıˆˆ
= 0.
Before calculating the HM and the Kubo-formula contribution to the thermal conductivity, let us
comment on the relevance of this formalism compared to the previous theories on heat transport.
Reference [19] first revealed the necessity of the magnetization corrections but involved the posi-
tion operator, which is ill defined in periodic systems. Reference [21] overcame this problem and
obtained the THC correctly, but the scaling relations on the charge and heat currents were assumed
without any microscopic explanations. As a result, the non-trivial current corrections had to be cal-
culated for each model. On the other hand, our formalism can be applied to disordered or interacting
systems without any assumptions or complicated calculations. The former advantage was already
shown in the context of the anomalous Hall effect [10, 11, 12, 13] and the orbital magnetization [38],
although we focus on the THE in the clean and non-interacting case below. The Keldysh formalism
in the presence of a gravitational potential alone is quite intriguing [39, 40] but is not sufficient for
calculating the HM because a torsional magnetic field is not taken into account.
6. Heat magnetization
In this section, we explicitly calculate the HM. This is in parallel with the previous calculation for
the orbital magnetization [38]. Since it is difficult to calculate the proper HM defined by the free
energy, let us calculate the auxiliary HM defined by the total energy. In the Wigner representation,
the total energy K ≡ E − µ0N is represented by
K = ±
i~
2
∫
dDπ
(2π~)D
tr[Gˆ ⋆ (−π0ˆ)]
< + c.c. (38)
Owing to the symmetrization, the star product is reduced to the ordinary product, and the auxiliary
HM is given by
M˜Qkˆ ≡ −
1
2
ǫıˆˆkˆ
∂K
∂(−T 0ˆ
ıˆˆ
)
= ±
i~2
2
ǫıˆˆkˆ
∫
dDπ
(2π~)D
f(−π0ˆ)(−π0ˆ) trG
<(0)
T 0ˆ
ıˆˆ
. (39)
Generally, the vertex corrections should be taken into account. To translate this auxiliary HM to the
proper HM, Eq. (9b), we have to solve the differential equation [21]:
∂(β20MQkˆ)
∂β0
= β0M˜Qkˆ. (40)
In practice, we can calculate the HM by using the set of Eqs. (37), (39), and (40).
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Below, we restrict ourselves to the clean and non-interacting limit, i.e., Σˆ = 0. In this case,
Eq. (39) is rewritten as
M˜Qkˆ =
~
2
2
ǫıˆˆkˆ
∫
dDπ
(2π~)D
f(−π0ˆ)(−π0ˆ)
2 tr[gR0 v
ıˆgR0 v
ˆgR0 − (R→ A)], (41)
where gR0 = (−π0ˆ −H + µ0 + iη)−1 is the retarded Green function, and vıˆ = −∂πıˆg
R−1
0 is the
velocity. By expanding the trace with respect to the Bloch basis that satisfies H|un~π〉 = ǫn~π|un~π〉,
we obtain
M˜Qkˆ =
~
2
ǫıˆˆkˆ
∑
nm~π
〈un~π|v
ıˆ|um~π〉〈um~π |v
ˆ|un~π〉
∫
dǫ
2π
f(ǫ)ǫ2
× [(ǫ− ǫn~π + µ0 + iη)
−2(ǫ− ǫm~π + µ0 + iη)
−1 − c.c.]
=
i~
2
ǫıˆˆkˆ
∑
nm~π
〈un~π|v
ıˆ|um~π〉〈um~π|v
ˆ|un~π〉
(ǫn~π − ǫm~π)2
× [2fn~π(ǫn~π − µ0)
2 − (2fn~π(ǫn~π − µ0) + f
′
n~π(ǫn~π − µ0)
2)(ǫn~π − ǫm~π)]
=
1
~
∑
n~π
[Ωn~πkˆfn~π(ǫn~π − µ0)
2 −mn~πkˆ(2fn~π(ǫn~π − µ0) + f
′
n~π(ǫn~π − µ0)
2)/2], (42)
with fn~π ≡ f(ǫn~π − µ0). The Berry curvature Ωn~πkˆ and the magnetic moment mn~πkˆ are defined by
Ωn~πkˆ ≡i~
2ǫıˆˆkˆ
∑
m
〈un~π|v
ıˆ|um~π〉〈um~π|v
ˆ|un~π〉
(ǫn~π − ǫm~π)2
= i~2ǫıˆˆkˆ〈∂πıˆun~π|∂πˆun~π〉, (43a)
mn~πkˆ ≡i~
2ǫıˆˆkˆ
∑
m
〈un~π|v
ıˆ|um~π〉〈um~π|v
ˆ|un~π〉
ǫn~π − ǫm~π
= i~2ǫıˆˆkˆ〈∂πıˆun~π|(ǫn~π −H)|∂πˆun~π〉. (43b)
We solve Eq. (40) to obtain the proper HM:
MQkˆ = −
1
~
∑
n~π
[
Ωn~πkˆ
∫ ∞
ǫn~π−µ0
dzf(z)z +mn~πkˆfn~π(ǫn~π − µ0)/2
]
. (44)
7. Thermal conductivity
Next we calculate the Kubo-formula contribution to the thermal conductivity. In the Wigner
representation, the thermal expectation value of the heat current is represented by
J ıˆQ = ±
i~
2
∫
dDπ
(2π~)D
tr[vıˆ ⋆ Gˆ ⋆ (−π0ˆ)]
< + c.c., (45)
where (−π0ˆ) is the Wigner representation of the covariant time derivative, and vıˆ is the renormalized
velocity in general. The Kubo-formula contribution to the thermal conductivity is defined in Eq. (9a)
and calculated by
T0κ˜
ıˆˆ = ∓i~2
∫
dDπ
(2π~)D
(−π0ˆ) tr v
ıˆ[G
<(0)
T 0ˆ
ˆ0ˆ
f(−π0ˆ) +G
<(1)
T 0ˆ
ˆ0ˆ
f ′(−π0ˆ)]. (46)
We focus on the THC in the clean and non-interacting case, Σˆ = 0. In this case, Eq. (46) is
rewritten as
T0κ˜
ıˆˆ =−
~
2
2
∫
dDπ
(2π~)D
f(−π0ˆ)(−π0ˆ)
2 tr[gR0 v
ıˆgR0 v
ˆgR0 − (R→ A)]− (i↔ j) (47a)
+
~
2
2
∫
dDπ
(2π~)D
f ′(−π0ˆ)(−π0ˆ)
2 tr vıˆ[gR0 v
ˆ(gR0 − g
A
0 )− (g
R
0 − g
A
0 )v
ˆgA0 ]. (47b)
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The first term can be calculated as in Eq. (42), and the second term is calculated as
(47b) =~
2
∑
nm~π
〈un~π|v
ıˆ|um~π〉〈um~π|v
ˆ|un~π〉
∫
dǫ
2π
f ′(ǫ)ǫ2
× [(ǫ− ǫn~π + µ0 + iη)
−1 − (ǫ− ǫn~π + µ0 − iη)
−1](ǫ− ǫm~π + µ0 + iη)
−1 + c.c.
=−
i~
2
ǫıˆˆkˆ
∑
nm~π
〈un~π|v
ıˆ|um~π〉〈um~π|v
ˆ|un~π〉 − (i↔ j)
ǫn~π − ǫm~π
f ′n~π(ǫn~π − µ0)
2
=−
1
2~
ǫıˆˆkˆ
∑
n~π
mn~πkˆf
′
n~π(ǫn~π − µ0)
2. (48)
In total, we obtain the Kubo-formula contribution to the THC:
T0κ˜
ıˆˆ =−
1
~
ǫıˆˆkˆ
∑
n~π
[Ωn~πkˆfn~π(ǫn~π − µ0)
2 −mn~πkˆ(2fn~π(ǫn~π − µ0) + f
′
n~π(ǫn~π − µ0)
2)/2]
−
1
2~
ǫıˆˆkˆ
∑
n~π
mn~πkˆf
′
n~π(ǫn~π − µ0)
2
=−
1
~
ǫıˆˆkˆ
∑
n~π
[Ωn~πkˆ(ǫn~π − µ0)
2 −mn~πkˆ(ǫn~π − µ0)]fn~π. (49)
In the clean and non-interacting case, such terms involving f ′n~π are exactly canceled, and the Kubo-
formula contribution to the THC involves fn~π only.
It is known that the proper THC consists of the Kubo-formula contribution and the HM [19, 20,
21]. By combining Eqs. (49) and (44), we obtain the proper THC:
T0κ
ıˆˆ ≡T0κ˜
ıˆˆ + 2ǫıˆˆkˆMQkˆ
=−
1
~
ǫıˆˆkˆ
∑
n~π
Ωn~πkˆ
[
fn~π(ǫn~π − µ0)
2 + 2
∫ ∞
ǫn~π−µ0
dzf(z)z
]
. (50)
Note that the Kubo-formula contribution, Eq. (49), and the HM, Eq. (44), are different from those in
Ref. [21], but the proper THC, Eq. (50), is the same as that in Ref. [21] and satisfies the Wiedemann-
Franz law. However, such a difference is not important because it is the proper THC only that can
be measured in transport experiments.
The origins of the magnetization corrections can be understood as follows [40]. In the Nernst
effect, where the charge current flows perpendicular to a temperature gradient, the orbital magne-
tization arises from a combination of the magnetization current ~∇× ~M and the X-dependence in
the Green function. On the other hand, in the Ettingshausen effect, where the heat current flows
perpendicular to an electric field, the magnetization energy ~M · ~B in the energy density translates
into ~E × ~M in the energy current through the Faraday law ~∇× ~E + B˙ = 0. In the THE, ~M , ~B, and
~E are replaced with the HM, a torsional magnetic field, and a torsional electric field, respectively.
Since the Faraday law originates from the Bianchi identity, it holds for torsional electromagnetic
fields, too. The coefficient 2 in Eq. (50) comes from these two mechanisms.
8. Effective action for the quantized thermal Hall effect
As in the case of the Hall conductivity quantized in (2 + 1)-D time-reversal-broken topological
insulators [22, 23], the THC is known to be quantized in (2 + 1)-D TSCs [24, 25, 26]. On the basis
of the gauge-theoretical viewpoint and the Widemann-Franz law, we discuss the effective action for
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this quantized THE. First, let us reproduce the heat analog of the Strˇeda formula already obtained in
Ref. [25]. From Eq. (44), we get
T0
∂MQkˆ
∂T0
= −
1
~
∑
n~π
[
Ωn~πkˆ
∫ ∞
ǫn~π−µ0
dz(−f ′(z))z2 −mn~πkˆf
′
n~π(ǫn~π − µ0)
2/2
]
, (51)
in which the first term is equal to Eq. (50), and the second term can be dropped in gapped systems
at sufficiently low temperature. As a result, the Strˇeda formula is given by [25]
κıˆˆ = ǫıˆˆkˆ
∂MQkˆ
∂T0
. (52)
In (2 + 1)-D gapped systems, the THC is quantized owing to the Wiedemann-Franz law [24, 25,
26],
κxy =
π2T0
3q2
σxy = −
CπT0
6~
, (53)
with C being the first Chern number. By using the Strˇeda formula, Eq. (52), the temperature
dependence of the HM at low temperature is given by
MQz = MQz(T0 = 0)−
CπT 20
12~
. (54)
Apart from the ground-state value MQz(T0 = 0), Eqs. (53) and (54) are described by the effective
action:
Seff = −
Cπ
24~
∫
d3Xǫµνλ(Th0ˆ
µ
)∂Xν (Th
0ˆ
λ
). (55)
This is a corollary of the gauge-theoretical discussion above. If the heat current is defined by the
product of the Hamiltonian density and the velocity, which has no corresponding gauge field, we
can obtain the Wiedemann-Franz law and the Strˇeda formula [21, 25] but not this effective action.
In the case of TSCs, an extra factor 1/2 should be multiplied owing to their Majorana nature [25].
Equation (55) is the Lorentz-temporal part of the torsional Chern-Simons action,
StCS =
~
4πl2
∫
d3Xηabǫ
µνλhaµ(∂Xνh
b
λ + ω
b
cνh
c
λ), (56)
with l−1 ∝ T . Note that the Lorentz-spatial part describes the topological Hall viscosity but has
different l−1 [5, 6, 7]. The temporal and spatial parameters do not necessarily coincide because we
do not assume the Lorentz symmetry.
9. Summary
To summarize, we have revisited a theory of heat transport from the gauge-theoretical viewpoint
of gravity and defined the HM and the Kubo-formula contribution to the thermal conductivity as
torsional responses. In addition, we have developed the Keldysh+Cartan formalism to calculate
these quantities without any unfounded assumptions or complicated calculations. This is a natural
extension of the gauge-covariant Keldysh formalism for calculating electromagnetic responses and
can be easily applied to disordered or interacting systems. We have reproduced the THC satisfying
the Wiedemann-Franz law in the clean and non-interacting case. We have also discussed the effective
action for the quantized THE in (2 + 1)-D TSCs.
Note added. After the first submission of this paper, we wrote a related paper on heat polariza-
tion [41]. Although polarization is coupled to a kind of electric field, it cannot be defined in periodic
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systems by the electric-field derivative of the free energy. We employed the gradient expansion by
using the first term in the Poisson bracket, Eq. (30), to define the heat polarization. The (3 + 1)-D
analog of Eq. (55) was also discussed in the context of the effective action for the cross-correlation
responses in (3 + 1)-D TSCs.
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